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Abstract 

We introduce a notion of quasi arithmetic differentials with similar 
properties as the traditional differential forms. And we prove a height 
inequality in both number field case and function field case by the 
construction of quasi arithmetic differentials with same method. 

1 Introduction 

Let R be the ring of integers of a number field F, and Y = Speci?. Let 
7r : X — > Y be a stable family of curves of genus g > 1 over Y. Let 

dy = [FTQl logDF/Q (1) 

where V>f/q is the absolute value of the discriminant of the number field 
F. For closed point y G Y, let Y y be the localization of Y at y, let Oy, y 
be the localization of Oy at y. Let ux/y be the canonical dualizing sheaf 
[LI] endowed with the canonical Hermitian metric. For a Weil divisor D on 
X, let Ox(F>) be the canonical line bundle associated with D endowed with 
the canonical Hermitian metric [LI] on X. Let ux/y • D be the product of 
the first arithmetic Chern classes of ojx/y an d Ox{D). For an irreducible 
arithmetic curve D, which is finite over Y, let Fd be the rational function 
field of D, let 

d(D) = p^logD^ (2) 
We will prove the following Theorem: 
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Theorem 1.1 Assume D C X is an irreducible algebraic curve on X , and 
the natural morphism D — > Y is finite. Then for all e > 0, we have 



i _ 



(1 + s)[F D : m° ' ^ £ < 49 - i)i(D) + (2 g -2MF:Q] + °« < 3 > 
where 0(1) is a constant determined by X c and [F D : Q] and e. 

The constant 0(1) in the Theorem above can be taken from a contin- 
uous function defined on the moduli space of compact Riemann surfaces. 
Theorem 1.1 implies a number of conjectures in number theory, which are 
demonstrated in [VI] [V2]. 

To prove Theorem 1.1, we first introduce a notion of quasi arithmetic 
differentials defined on X. Then we consider the case that D = Ep, which 
is rational over Y. By the construction of quasi arithmetic differentials, we 
will construct a nonzero element in 

R «*(X, uf+^Ep)) ® u®J*\ Ep ® O y (Co) (4) 

where k ^> 0, and C is a divisor on Y whose degree is bounded by a constant 

determined by k[F : Q]dy and g. This will prove Theorem 1.1 for D = E P . 

Then we prove Theorem 1.1 by taking a base extension. The sketch of the 

proof is the following: 

Let £ be a non zero element of i?°7r*(X, o/|^ +1 ) <g> F, where k » 0. Let 
be the divisor determined by £ = on X <8> F. Then there is a natural 

inner product < 1 ,9 2 > for all #i, 9 2 in 

i?V(X ® F, </; /SpecF /u;S + ; /SpecF (-^)) (5) 

defined by the residue of ^ along D e over SpecF. Let = (2k + l)(g - 1). 

Let {r]i}, where 1 < i < N, be a set of basis of i?°7r„(X, w®^ 1 ) <g) F over 
F. We have < r]i,i]j >= for all i,j. We will prove that there exists a 
set of elements {rj^} in (5) for 1 < i < N, such that < rj'^rjj >= 25ij and 
< rj'^rjj >= for all where Sij = when i ^ j and 5ij = 1 when i — j. 
A choice of quasi arithmetic differentials L(£) defined on £ is defined to be 

L{i) = Y,v[®m (6) 
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We have the difference between two choices of quasi arithmetic differentials 
defined on f is an element in A 2 R°ir*(X, wf^ 1 ) <g> F. We let v*(HO) = Vi, 
where {rj*} is the dual basis of {rji} in the dual vector space R n*(X, w®/y 1 ) v <8> 
F. 

Let £j be elements in i?°7r*(X, ® F that do not have common 

zeros with each other as sections of cu|^ y +1 on X c , where j — 1,2,3. Let 
be the divisor determined by £j = as a section of a/| 2 y +1 ®FonI®F. For 
choices of quasi arithmetic differentials L(£j) where j = 1, 2, 3, we will prove 
that there exists a unique element r/*(L(^ 1 ), L(^ 2 )) in i?°7r^(X, w^y +2 ) ® F 
such that the image of r)*(L(£i), L(£ 2 )) in 

r°mx ® f, <^i ccF /^;; SpccF (-%)) (7) 

is and the image of r]*(L(^), L(£ 2 )) in 

FV(X ® F, <^ ccF /<V; Spc ^(-%)) (8) 
is — £i77*(L(£ 2 ))- And we will prove that 

<(^i)^(6)) = -<(^ 2 ),^i)) (9) 

+ 6^(^(6), + = o (io) 

Then we will prove the linearity of r)*(L(£i), L(£ 2 )) on its variables, and de- 
fine aL(£i) + /3L(£ 2 ) as a choice of quasi arithmetic differentials defined on 
a£i + /3£ 2 for £*, £ F. We will prove that the addition of quasi arith- 
metic differentials is commutative and associative. With linearity of the 
quasi arithmetic differentials, we will be able to define ?7*(L(£i), L(£ 2 )) for 
the case that £i and £2 m ay have common zeros on Xp. For any closed point 
y EY and non zero element £ y in R°ir*(X, ®Oy, y , there exists choices 

of quasi arithmetic differentials L y (£ y ) that are regular over y. Note 
is an arithmetic analog of classical differential forms on complex manifolds, 
and r)*(L(£i), L(^ 2 )) is an arithmetic analog of exterior product of differential 
forms. And they satisfy all the analog properties of differential forms. 

We construct a choice of quasi arithmetic differentials in the following 
method: Let a : F y C be a complex embedding. Let A l,j (X a ) be the sheaf 
of smooth forms on X a . Note 

R\*(X a ,uf+ l Y = R^X^jf) (11) 
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So there exists a smooth section co v * of w®/y (S)A 0,1 (X a ) whose natural image 



in i? 7r*(X CT , u;®^y 1 ) v is 77*. Then there exists a unique smooth section 77*^ of 



u*^ 1 over X a) such that 



= W (12) 
/ ^A^ r (13) 
for all 1 < j < N. Then the restriction of 

£°(o = E<^ ( 14 ) 

to is a choice of quasi arithmetic differentials defined on D%, and 

^(^ (6)^°(6)) = 6< 6 -6< 6 (15) 

Now we prove Theorem 1.1 for D — Ep in function field case. Let 
Y be a smooth curve over complex numbers with genus q > 2. Assume 
7r : X — > Y is a smooth morphism. We choose divisors C[, Co on F and a 
set of elements {77* } in #°(Y, R°ir*(X, ujf^ 1 ) <g> Y {C'^), where 1 < % < N, 

such that is a set of basis of R°ir*(X, uf^y 1 ) ® F over F, and 77* are 
elements in 

H°(Y, J RV(X,w| / fc + 1 ) v <g) Oy(-C; + Co)) (16) 

and 

deg(Co) < (2fc + l)(^-l)(4g-2) (17) 
By partition of unity, we can choose smooth sections u v * of 

u®j£®O Y (-C' t + C )(g)A > 1 (X) (18) 

such that u v * = on a small open set of X containing E P . Let 77*^ be the 
unique smooth section of wfyy 1 on X constructed from u v * by the method 
above. Let 

on X. 

Let it 1 : X Xy X — > X be the morphism that maps (zi,z 2 ) to Z\. 
Let 7T2 : X Xy X — > X be the morphism that maps (-21,-22) to z 2 - Let 
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7T3 : X Xy X — y Y be the natural morphism. Let Ax C X Xy X be the 
image of the diagonal map. Let C§ be a divisor on Y with large degree. Let 
£ 5 be a nonzero element in 

H°(X x Y X, nluuf^ 1 <g> ir*ujf /Y ® O y {C'£)) (20) 

that vanishes along A x with order 1 as a section of 

nlujf /Y +1 <g) tt^^/V <g) 0y(Cf ) (21) 

on X Xy X. Let D'^ be the divisor determined by £5 = as a section of 
Ti\ujf /Y +l ® oof /Y <8> CV(Cf ) on X x Y X. Then 

D' i5 =A X + D i5 (22) 

where D^ 5 is a divisor on X Xy X. 
Let 

=Ec(i L ° (J^)) • *2*(w) ( 23 ) 

where z/ is a section of ^^(Cs") on X. We will prove that the restriction 
of r*(£ 5 ) to £>£ B and Trf 1 ^ is a holomorphic section. And the restriction of 
r *(^5) to Z?^ 5 is a holomorphic section w of 

i?°7T 2 * (X X y X, Trjw®^ 1 ® 7T 2 * W f / fc + 4 ) <g) Oy (Cf + C ) (24) 

on X. Then we prove that the restriction of 

r *(&) = r*(&)-« (25) 
to n^Ep is a nonzero holomorphic section of 

n* 1 ujf /Y 1 ® Tr^f^+^-^J ® 0y(Cf + C ) (26) 

over 7rf E P . So °^ gives a nonzero element in 

H°(X, uf /Y \E P ) <g> (w®7*| Bp ) ® Oy(Co)) (27) 

Then by (17) and Lemma 4.1, we prove our Theorem. 

In number field case, the proof is similar. By choosing uj v * and £5 suitably, 
we can prove the following: 



5 



Lemma 1.2 Let s be an element in 
R°7T 3 *(X XyX, (t^®** 1 ®^^ 

(28) 

such that for all 1 < i < N, we have 

Res D , ^ = 2 Vi (29) 

where the residue in (29) is taken with respect to morphism 7r 2 : D'^ — > X. 
Then there exists an element s' in 

R\ 3 *(Xx Y X, (tt^+^tt^+VK^ 

(30) 

which is determined by the choice ofu v *, such that log < log ||s|| +0(1), 
and s' = s in (28). 

We use the choice of u> v * and ^ 5 that are taken to construct s' above to replace 
the choice of u v * and £5 in function field case. Then we follow the method in 
function field case to prove the Theorem in number field case. 

In function field case over complex numbers, by the existence of u v * , we 
can prove the following: Let 

M[ = ^{uf^/uf^-D^/R^X, u $ft) (31) 

M> 2 = ^{uf+ l /ujf /Y \-Dt - E P ))/R\*(X, wf* 1 ) (32) 
The natural morphism 

H°(Y, M' 2 <g) O Y (C - C-)) — > H°(Y, M[ ® O Y (C - C-)) (33) 

is surjective. And this statement is not true in function field case of charac- 
teristic p > 0. This is consistent with the fact that Theorem 1.1 is not true 
in case of characteristic p > 0. 

In Section 2, we give the construction of quasi arithmetic differentials. In 
Section 3, we give the proof of the main Theorem in number field case. In 
Section 4, we give the proof of the main Theorem in function field case. One 
can read Section 4 first, then read Section 3, because the proof in function 
field case is simpler. 
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2 Quasi arithmetic differentials 



If a : F C is a complex imbedding, let X a = X <g) CT C. If F CT C I ff is a 
divisor, let the support of F^ on X a be the set of points where D a ^ 0, and 
we denote it by Supply. Assume u is a rational section of wx CT /SpecC on X a . 
For point x G SuppF CT , let U x C X CT be a sufficiently small disc containing 
point x. We let the residue 



Res Da u= J2 /„„ w ( 34 ) 

a;iGSuppD CT 



Let £ G R°ir*(X, wf/ y +1 ) <8> F be a nonzero element, where k > 0. Let 
be the divisor determined by £ = as a section of uf^ +1 ® F on X <g> F. 
Then we have a canonical inner product (•, •) defined on 

i?V(X ® F, ^ /SpccF /</; /SpccF (-^)) (35) 

such that for all 9±, 9 2 in (35), we have 

9 9 

(9 1 ,9 2 ) = Res Ds/Sp ecF—jr- (36) 

where 9\9 2 in (36) denotes a rational section of w|^ y +2 <8> F on X <g> F whose 

image in WxtF/SpccF/ w xl%s P ecF(- D ?) is ^2, and the residue Res De/Spe cF 
is defined in (34). It is straight forward to check that the canonical inner 
product on (35) is non degenerate. And if 771,772 G R°it*(X, wf^y 1 ) ®F, then 

a((77 1 , 77 2 )) = Res D ^ = - f d^ = (37) 



Let N = (2k + l)(g — 1). Let 5ij = for % 7^ j and 5jj = 1 for % = j. Let 

X/Y 



{771, • • • , 7/at} be a set of basis of F°7r*(X, uj^y 1 ) ® F. 



Lemma 2.1 There exists a set of elements ■ ■ ■ , 77^} in (35) such that, 
under the canonical inner product, we have the following: 

(i) For all 1 < i, j < N , we have 

(Vi,Vj) = 2<% 
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(ii) For all 1 < i, j < N, we have 

M) = 

Moreover {r)'{, • • • , rj'^} is another set of elements in (35) satisfying prop- 
erties (i) (ii) above, if and only if 

N N 

^2v'i®Vi-Yl ® r li = Yl ai M ® Vj (38) 

i=l i=l ij^j 

where are elements in F and = —Qji for all 1 < i, j ' < N. 
Proof. Since we have exact sequence over X <g> F, 

u f ^X^F/SpccF f ^X^F/SpecF f w X<g>F/SpecF/ w X<g>F/SpecF V f u 

(39) 

so we have an imbedding 

izvpr ® f, cf^ /SpccF ) ^ i?°7r,(x ® f, </; /SpecF /^ + ; /SpecF (-^)) 

(40) 

Hence we can choose rf" in (35) such that for all 1 < j < N, we have 

Assume {r}"',r}'") = an- Let rf x = 2rf" — aurji. Then (">][, •>][) = and 
WiiVj) — 25ij for all 1 < j < N. In general, by induction, we choose rf" in 
(35) such that for all 1 < j < N, we have 

Assume (rji'iVj) — a ij f° r all 1 < ,7 < i — 1, and {rf" ,rf") = an. Let 

i-l 

^ = 277-" - aura - 2 (41) 

Then we have {rj'^rjj) = 25^ for 1 < j < N and (rj'^rjj) = for 1 < j < i. 
So there exists {r][, ■ ■ ■ ,rj' N } satisfying properties (i) (ii). 
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If • • • , 77^} is another set of elements satisfying properties (i) (ii), then 
rfi — T)" vanishes at r\j for all 1 < j < N. Since the rank of R°ir*(X, u^y^fgiF 
over F is N, which is equal to the rank of the quotient of the morphism in (40) 
over F, so we have the submodule of (35) that vanishes on R°ir*(X, Lo^y l )®F 

under the canonical inner product is i?°7r*(X, wf/y 1 ) <8> F itself. So 

N 

V:-v" = Y. a ^j (42) 

3=1 

where are elements of F. Hence (r}", 77") = if and only if 

= (43) 




i.e. a,ij = —ctji. Hence our Lemma is true. □ 

Definition 2.2 Let {77*} be the set of dual basis of {rji} in the dual vector 
space R°ir*(X, w^y 1 ) v eg) F . We say the set of elements {77^, • • • , r]' N } in (35) 
that satisfy properties (i) (ii) in the Lemma above a choice of quasi arithmetic 
differentials defined on 6 And we denote it by 

N 

And we let 77* (L(g)) = 77-. 

Let 6,6,6 be elements of R n*(X, ® F such that 6,6,6 do 

not have any common zeros on Xq with each other. Let be the divisor 
determined by 6 = on X <g) F for % = 1, 2, 3. Consider the following exact 
sequence over X <g> F: 

W f*? 8 A Cf^ +2 ® ^ ~> «/ 2 Spec^/< fc ;/ 2 S P ec^(-^^) ~> 

(45) 

So we have exact sequences 

— >• i?V(X, wf^ 1 ) 8fA i?°7r,(X, w|^+ 2 ) <g> F 

i2°7r.(X ® F, <^; SpecF /^/ 2 s P ecF(-^)) -» (46) 
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For i = 1, 2, 3, let 

AT 

3=1 

be a choice of quasi arithmetic differentials defined on £j. By (46), for all <pij, 
there exists 0^ G R°ir*(X, ^ +2 ) (g) F whose image in 

, ,<g>3fc+2 / ®3fc+2 / n \ (aq\ 

W X<g,F/SpecF/ a; X®F/SpecF( _ - L '6J l 4 «J 

is ^20ij- Since for all 1 < i, j < N, we have 

Res D /specF 7 7 = Res£> /spccF— — = 25;j (49) 

?1?2 Si 



SO 



Res D /Sp ecF™ = ~25 tJ (50) 

?1?2 



Hence by the argument in front of (42), we have 

N 



^ +^ = Y,^ ( 51 ) 

3=1 

in w I®F/SpecF/ w I®F/s P ecF(-- D &), where Pa are elements of F. Let 

AT 

^(^-iy^'irdE^ (52) 

3=1 

Then we have 

^(L(ei),L(6))=0i,6 (53) 

in (48), and 

tf(£(£i),£(6)) = -«i (54) 

in 

<g>3fc+2 / ®3fc+2 / n \ /rr\ 

W X®F/SpecF/ W X<g>,F/SpecM U &) 

If ^i2i is another element in R°7r*(X, w®/y +2 ) cg>F whose image in (48) is ^20ii 
and image in (55) is — £i02i, then 7/*(L(£i), L(£ 2 )) -621 = in (48) and (55). 
Since the degree of + D^ 2 over SpecF is {Ah + 2)(2g — 2), so 

tf(L(£i),L(6))-£i2i = (56) 

on X eg) F. So t)*(L(£i), L(£ 2 )) is uniquely determined by (53) and (54). 
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Lemma 2.3 (i) 



(ii) 

6-^(L(6),L(e3))+6-^(^(e3),^(6))+e3-^(^(6)^(6)) = o (58) 

Proof, (i) is clear. For (ii), let t be the left hand side of (58). Since the image 

Ot t m ^x^F/SpecF/^X^F/SpecFy-^U 1S 

6 -(-601,) + 6 = (59) 

So i vanishes along . For the same reason, t vanishes along D^ 2 and D^ 3 . 
So t vanishes along + D^ 2 + D^. A . Moreover the degree of + D% 2 + 
is (6A; + Z)(2g - 2), and t is an element in R°ir*(X, w®^ +3 ) <g> F. So i = 0. 
□ 

Lemma 2.4 Assume £i and £ 2 do not nave common zeros as sections of 



CO 



x f+' ®C on X c , and aeF. Let 

m + *) = -± r *«^^ *r H (60) 
i=i & 

over £ 2 + af i = on X ® F . Then 

(i) L(£ 2 + af i) a choice of quasi arithmetic differentials defined on £ 2 + 

a^i- 
Cii) 



Proof. Let D a be the divisor determined by £ 2 + afi = on X <g> F. Then 



«-eS D /SpecF 7T —-TT? ~ KeS D / S pecF ~Z ~Z - Mij 

l?2 + a?ij?i ?2?i 



(62) 
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So 



rteS,o a /SpecF 77— - tieS D /SpecF 77— ^7 

1 1 _ -afi 

6 + «6 6 (6 + 

Therefore 

- -Res^/spec^ feT^ 

- -KesD ei /specF 

+Res ^ /SpccF (6 + <066 

= 

Therefore (i) is true. Moreover the restriction of 

^ 6 + "6 

to is so (ii) is true. □ 

Corollary 2.5 Assume a, (3 G F are non zeros. Let 

^6 + <*) = -gE * W6 i ,£(6)) °» 

i=i & 
over /3£ 2 + «£i = on X ® F . Then 
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(i) L(/3£ 2 + cc£i) is a choice of quasi arithmetic differentials defined on 

(ii) For all 1 < % < N, we have 

PvKm), £(&)) = V*(m), L(J3& + q&)) (69) 

(iii) F/(/3£ 2 +a£i) = L(/3£ 2 +a:£i) as a choice of quasi arithmetic differentials 
defined on /3£ 2 + 

(iv) For all 1 < i < N , we have 

arj*(L(^), L(&)) = + a&), L(6)) (70) 

Proof, (i) is implied by Lemma 2.4, while replacing £ 2 with f3£ 2 - (hi) is true 
because — ^ = |j- over a£i + /3£ 2 = 0. (ii) is true because 

£«»i = - I ( Sl + „E 1 ) (71) 

over /3£ 2 + ck£i = 0, and 

Ei^iWei),^))®!? 



over ^i = 0. (iv) is true for the same reason. □ 



m) (72) 



Definition 2.6 Assume F(£i) and L{^ 2 ) are quasi arithmetic differentials 
defined on £i and £ 2 respectively. Assume a, (3 G F are nonzero elements, 
and£i, £ 2 , a£i + /3£ 2 do not nave common zeros with each other as sections of 
u ®2k+i ^ on ^ q,^^^ _|_ /3L(^ 2 ) be the choice of quasi arithmetic 

differentials L(a£i + /3£ 2 ) defined on a£i + (3£ 2 , where L(a£i + /3£ 2 ) defined 
in (67). 

Lemma 2.7 Let £ 1; £ 2 and £ 3 fre elements of R tt*(X, cu® 2 ,^ 1 ) ® F. Let 
F(£i), L(£ 2 ) and L(£ 3 ) be choices of quasi arithmetic differentials defined on 
£i, £ 2 and £ 3 respectively. Let a, j3 E F. Assume £ i; £ 2; £ 3; £i + £ 2; £ 2 + £ 3; 
£i + £2 + £3 <wd a£i + (#£2 ^° nc ^ no,ue an U common zeros with each other as 
sections of cu'^'p' 1 eg) C on X c . Then for all 1 < i < N, we have 
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(i) 

rfcaLfa) + /?L(6U(6)) 
= c<(L(6), L(6)) + PrfcLfa), 

(ii) L(6) + £(6) = £(6) + £(6)- 

(iii) (L(6) + L(6)) + L(6) = L(6) + (L(6) + 
Proof. 

(£(&), £(&)) _ L(6)) 
6163 66 66 

So 

ar ? ;(L(6),Lfe))+^;(L(6),Lfe)) 



66 

Ki + /36k*(^(6)^(6)) | ^(LKi + /36)^(6)) 
66 6 



Therefore 

V ^(^)»^3))+ ffi^i „ = L(< + m 
i ^ 

over a£i + /?6 — 0. Moreover 

6 6 

over £ 3 = 0. So 

+ _ ??;(L(6),£(6)) 

«6 + /?6 6 

over 6 = 0- Therefore 

v cmmti), ^(6)) + Him), L(&)) = _ nn 
^ «6 + £6 



14 



over £3 = 0. Hence (i) is true. 

Let £4 be an element of -R°7r*(X, <g> F such that £ 4 does not have 

common zeros with ^1,^2, • • • etc. Let £(£4) be a choice of quasi arithmetic 
differentials on £4. Then 

= Ttrnj+mto+Lfa)),^)) (so) 

So (iii) is true. And (ii) is true for the same reason. □ 

Corollary 2.8 Let £ 1; £>, £3 6 6e elements of R°n*(X, wf/y +1 ) <g> F, 
snc/i t/iat £ 3 , £ 4; £1 + £ 3; £1 + £ 4 and £1 + £3 + £4 do not have common zeros 
with £1, £ 2 on Xc- Let L(£i), L(£ 2 ), £(£3) and L(£ 4 ) be choices of quasi 
arithmetic differentials defined on £1, £ 2; £3 and £ 4 respectively. Then for all 
1 < i < N, we have 

rj*(L(^) + L(£i), - i£(2#s), 

= ^(L(e4)+L(6)^(6))-^(^4),^2)) (81) 

Proo/. 

= + + £(6)) 

= v !(Lfa) + L(6), + V*(L(U), m)) (82) 

So our Corollary is true. □ 

By Corollary 2.8, we can make the following definition: 

Definition 2.9 Assume £ i; £ 2 are elements of R°ir*(X, wf^> +1 ) (g) F that 
may have common zeros on Xq. Assume L(£i) and L(C, 2 ) are choices of 
quasi arithmetic differentials defined on £1 and £2 respectively. Let £3 be an 
element of i?°7T*(X, w^l^ 1 ) Cg> F ', such that £3 and£i + £ 3 do not /iawe common 

zeros with £1, £ 2 as sections of cuf^'p' 1 <g> C on Xc. Le£ £(£3) fre a choice of 
quasi arithmetic differentials. Then we define 

L(&)) = + - i£(L(60, (83) 

/or alll<i<N. 
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For closed point y 6 7, let £ y be a nonzero element in R tt*(X, ® 

Oy, y - Let • • • , rjNy} be a set of basis of R 0/ ir^(X, w^^ 1 ) ® CV,y over CV, r 
Assume the divisor determined by £ y = on X x Y y is + D^ y , where Z)^ is 
finite over Y y , and Cg y is supported in the fiber of n over point y. Let L y (£ y ) 
be a choice of quasi arithmetic differentials defined on £ r We say L y (£ y ) is 
regular over y if r}* y (L y (£ y )) are elements in 

it>V(X, uf^/u^i-D^)) ® CV, S (84) 

for all 1 < i < N. 

Lemma 2.10 Assume £ ly is a nonzero element in R°ir*(X, oof^ 1 ) <g> Y , y - 
Then there exists a choice of quasi arithmetic differentials L y (£i y ) that is 
regular over y. 

Proof. Define C^ ly and D^ ly for £ ly similarly as C^ y and D^ y for £ y . If C^ ly = 
and D^ ly is irreducible, then by the same arguments as in and before the 
proof of Lemma 2.1, there exists L y (£i y ) that is regular over y. Moreover 
LyiCiy + ^2y) — L y {^2y) is a choice of quasi arithmetic differentials defined on 
^ij, for any choice of £ 2y , L y (£ ly + (,2y) and L y (£ 2 y)- So our Lemma is true for 
any £ ly . □ 

Now we construct a choice of quasi arithmetic differentials over Xq- Let 
a : F ^ C be a complex embedding. Let X a — X ® a C. Let ^4 lJ '(Xo.) be 
the sheaf of smooth (i, j) forms on J ff . Over X a , we have 

i?V(X CT , = R°ir*(X a , uf+y (85) 

For any rj* E R°ir*(X a , wf/J 1 ) v , let ay be a smooth section of wf^ <g> 
^^(Xo-) on X a , such that the natural image of u> v * in R°n m (X a , wfyf 1 ^ is 
*7*, i-e. 

! ' rfAu>r,.=ri*(rf) (86) 



47T 

for all 77' G i?V(X CT , wf^ 1 ). 

Let £ be a nonzero element in R Q -K jf (X U) u^?^ 1 ). Since 



R 1 Tr*(X er ,uf / + 1 )=0 (87) 
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so there exists a smooth section 77| of wfyy 1 on X a such that 



dv,l = far,. (88) 

If 77^ x is another choice of smooth section of uj^Jy 1 on X a that satisfies the 
equality (88), then 

^-^,i) = (89) 

So 77^ - 77^ x is an element in RPtt^X^, u® ^+ x ). 

Let {r^j} be a set of basis of RPn^X^, wfyy" 1 ) over C. Let {77*} be the 
dual basis of R?n*(X a , w|^+ 1 ) v over C. Since 



47T 

so there exists a unique choice of 77*^ such that 



i]j A = 5ij (90) 



47T 



^=0 (91) 



for all Let {77*^} be the unique choice of smooth sections of wfyy 1 on 
X a that satisfies (88) (91) for all 



Theorem 2.11 Let be the divisor determined by £ = as a section of 

^°(0 = E<€®^ ( 92 ) 



uf f k Y +1 on X a . Let 



The restriction of L°(£) to is a choice of quasi arithmetic differentials 
defined on £ over X a . 

Proof. We have 

Res De ^3 = ^E±^ VjA u v * = 25 {j (93) 

ReSDe ^i^i = ^J x (vh A w < + vU A ^; ) = ( 94 ) 



So our Lemma is true. □ 
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Lemma 2.12 Let £1,^2 be elements in R n*(X a , ^fyy +1 )- ^* ^ e an e ^ e " 
meni in R ir,(X a , ujf/^Y- Then 

^(L°(6),L (6))=6^ 1 -6^ 2 (95) 

Proof. We can assume £1 and £2 have no common zeros on X a . For % = 1,2, 
let .D^ be the divisor determined by = as a section of a/|/ y +1 on X CT . 
Then on , we have 



6 

For the same reason, on D^ 2 , we have 



>4 (96) 



^^ = -* (97) 

Moreover 

- 6^* 2 ) = 66 K- - uy ) = (98) 

So £2^ — is an element in -R°7r* w®/y +2 ). So our Lemma is true. 
□ 

Lemma 2.13 Lei £1,6 fre elements in R°ir*(X a ,ui® 2 , , p~ 1 ). Let a, j3 be ele- 
ments in C. Let rf be an element in i?°7r*(X CT , w^y 1 )^ Then 

vUi+fo = ar it + (") 

Proof. We have 

d(aril + firQ = « + /?6K* ( 10 °) 
^ jf (ai& + PrQ A Wfjf = (101) 

for all 77* G i?°7r^(X (T , wf/+ 1 ) v . So our Lemma is true. □ 
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3 Proof of The Main Theorem 

Lemma 3.1 Let Ep C X be a curve that is rational over Y . Let C be a 
divisor on Y . Let ki > be an integer. Let 

M kl = R°n,(X, uf+'ihEp)) ®o Y Oy(-C) (102) 

Let d be a nonzero element of M kl . Then we have 

E lo s ii^ii- ^ 2fh Ux/Y ' Ep ~ ^f=2 u2x ' Y + degC + 0(1) (103) 

where the sum is taken over all complex embedding a : F ^ C, and 0(1) is 
a constant determined by Xc and k. 

Proof. Let D$ + C$ be the divisor determined by •& = as a section of 
uj< x/y 1 (~ C) on X, where D$ is the horizontal component and C$ is the ver- 
tical component. Assume D$ = l±E P + Ylj m jDji where Dj is irreducible 
and Ep is not an element in {Dj}. Let rij be the degree of Dj over Y. Note 
Dj ■ (Dj + ojx/y) > 0, and 

c 1 (u®*+ 1 (-C)) = (G & + hE P + $>,-£>,-, - log |tf| 2 ) (104) 

3 

where c 1 is the first arithmetic Chern class. So we have 
Dyiik+iPx/Y-Cv-C-hEp-J^^Di+mjUx^+rijJ^^Mv > 

(105) 

Therefore, we have 

J2 m j D ji( k + l )^x/Y+m j u x /Y-hEp)+J2 m 3 n j- 1 E lo S II^H- " de % C I ^ 

3 3 \ ° / 



Let m! be the maximal value of rrij. By (104), we have 
E m ) D j ■ ux/y < rri E m i D i ' u x/y 



(106) 



3 3 

< m'((k + 1)u x /y - hEp) ■ u x /y 



+(2g - 2)m> log W\* ~ degoj + 0(1) (107) 
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J2 m 3 D 3 ■ d k + 1 )ux/y ~ hE P ) < (k + l) 2 c4 /y - 2{k + l)l x E P ■ u x/Y 
j 

+l\E P ■ E P + ((2<? - 2)(fc + 1) - h) log IMU " de g^ + 0(1) (108) 

Moreover ^\ m^nj — (k + l)(2o — 2) — Zi and Fp • Fp = — ujx/y • E P and 
co 2 x/Y > 0. Then by (106) (107) (108), we have 

5>g|h?|| ff -deg(7 



(A; + !)(£;+ 1 + ra') 



,2 



" (2^-2)(2(A; + l)-^ + mO Wx/y 
I Zi(2(fc + l) + Z 1 + m') 
+ (2,-2)(2(. + l)-^ + ^ P ' UX/Y + 



~ -2j^2 Ux / ¥ + 2g^2 Ep ' UJx/¥ + ° il) (1 ° 9) 
So by /i > —ki, we see our Lemma is true. □ 

Lemma 3.2 There exists a set of Oy modules 

= H C C • • • C if(2fc + l)G,-l) = i?°7r*(X, u/f^ 1 ) (110) 

(i) Hi/Hi_i are torsion free modules of rank 1 over for all 1 < i < 
(2A; + 1)(<7-1). 

(ii) For all2<i< (2k + l)(g - I), we have 

c 1 (H i /H i _ 1 ) < c^Hi-jHi-t) + [F : Q]rf y + 0(1) (111) 

where 0(1) is a constant determined by k and g. 

Proof. Let r)[ be an element in F°7T*(X, a^y 1 ) with the smallest norm 
among all the nonzero elements in R°ir*(X : u^jy 1 ). Let Hi be the Oy 
submodule of i?°7r*(X, u^y 1 ) such that Hi <g> F is generated by ^ and 
FT( = R Q -K 1f (X,ujf / + 1 )/H 1 is torsion free. 
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For 2 < % < (2k + l)(g — 1), by induction, let Vj i be an element in 
H' i _ 1 with the minimal norm among all the nonzero elements in H' i _ 1 . Let 
Hi C R°7i if (X, wf/y 1 ) be the O y submodule such that Hi <g> F is generated 

by and if? = R 7r*(X, uf+^/Hi is torsion free. Let C H[_ 2 be 

the kernel of the natural morphism H^_ 2 — > H[. Let T" be the kernel of the 
natural morphism H-_ 2 — > ff^-i- Let T[ be the quotient T^T" . 

Note Tj has rank 2 over Oy. Since has the smallest norm among 
all the nonzero elements in Tj, so by Arithmetic Riemann-Roch formula, we 
have 

MTi) < -2[F : Q] log H^ll + [F = Q]^y + 0(1) (112) 

Moreover 

Ci(^')>-[F:Q]log||dll+0(l) (113) 

So we have 

ci(^) < — [-F : Q] log ll^'-J + [F : Q]rfy + 0(1) (114) 
Therefore we have 

Ci( T ")-M T l) > ~[F : QW + 0(1) (115) 

Note If = Hi-x/Hi-2 and 7? = Hi/H^. So (111) is true. □ 

Lemma 3.3 There exzsfo a set of elements {r/i} in R tt*(X, uf^y 1 ), where 
l<i<(2k + l)(g - 1), such that 

(i) {r]i} is a set of basis of -R°7r*(X, u^Jy 1 ) ® F over F. 

(ii) Let Vi C i?°7r*(X, w^y 1 ) ® F be the subspace generated by rjj over F, 
where j ^ i. There exists a constant a 3 in (0, |) that is determined by 
k and Xq, such that the angles between rji and Vi <g) C are in (03, |] /or 
aZZl<i<(2A; + l)(0-l). 

(iii) Let {77*} 6e t/ie set of dual basis of in R°tt*(X, w|*y 1 ) v ® F. T/ien 
t/iere exists a cyc/e C on F ; snc/i t/iat 

deg(Co) < (2A; + 1)(2 5 - 2)[F : Q]dy + 0(1) (116) 

where 0(1) is a constant determined by k and Xc, and rj* are elements 
in 

R^iX^f.-pf ®O y {C q ) (117) 
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Proof. Assume the notations of the previous Lemma. By induction, we 
choose rj" G Hi/H^i. Let Cj_i be the divisor determined by ?)"_! as a 
section of Hi_i/Hi_ 2 . Let rj" G Hi/ <g> O y (— Cj-i) be an element, such 
that 

log ||7#|U = log k"||+0(l) (118) 
for all complex embedding cr : F >— » C, and 

deg(O t ) - deg(C i _ 1 ) = 2[F : Q]rfy + 0(1) (119) 

where C{ C F is the divisor determined by r/f = as a section of Hi/H^i 

on y. 

Let rji = rj". By induction, assume is an element in such that 

77*-i = in ^i-i/-H»-2, and 

log||^_ 1 || CT = log||Cil| CT + 0(l) (120) 

for all complex embedding cr : F C. By (110) (119) and (111), we have 

log H^ll = ^J^(deg(a) - UHi/H^)) + 0(1) 

> ^—(deg^.!) - c^H^/H^)) + d Y + 0(1) 
= logUCJ+dy + Oa) 

= log||r /l _ 1 ||+rf y + 0(l) (121) 
Note there exists a set of lattice of full rank {e^j} in such that 

i-l 

i=i 

where a^j G F, and 

log ||e 3J || < log ||77i_i|| + d Y + 0(1) (123) 

So there exists rji G Fj, such that the angle between rji and the subspace 
® C is sufficiently close to |, and ^ = 77-' in Fj/Fj_i. 
By (111) and deg(Ci) < 2[F : Q]dy + 0(1), we have 

deg(0 (2fe+1)(s _ 1) ) < (2k + l)(2g - 2)[F : Q]rf y + 0(1) (124) 
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Let Cq = C(2fc+i)( fl -i). We see our Lemma is true. □ 

Assume the notations in the previous section. Let O be an element in 
R°^{X,uf^\Ep)) such that 

1. 0o is not an element in R°tt*(X, u^Jy 1 ). 

2. For every complex embedding a : F <^-> C, log ||0olU is sufficiently large, 
and the angle between O and R°7r*(X : uJ^Jy 1 ) ® a C is in [|, |]. 

Let C^ be the divisor determined by O = as a section of a;®*J 1 (£'p) on 

Let /C3 > be a sufficiently large integer. Let ki = Ik? and k = 3k%. Let 
£i be a nonzero element in i?°7r*(X, ). Let £2 be a nonzero element in 

i?°7r*(X, oj® 2 /y Let £3 = £i£2- Let {r^} be the set of elements constructed 
in Lemma 3.3. Let be the divisor determined by £3 = as a section of 
w ®2fc+i Qn j£ L e ^ jj^ the divisor determined by £ 2 = as a section of 

oj® 2 /y +1 on X. Assume E P is not a component of D^. Let be the divisor 

determined by £ 2 = as a section of oo^y +1 on E P . We choose £ 2 such that 

deg(Q 2 - C^) » (125) 
Note there exists elements in 



i?°7r,(X,^ y +1 /<f ® CV(Co) (126) 

77^ • s„. 



such that 

Res D?2 ^ 7 -^ = 2^ (127) 

Let 



&7,, = Res D52 ^— ^ (128) 

By (125), there exists an element b 8 ,i £ F, such that & 7ji — 6 8ji is an element 
in Cy(C 6 - C^), and 

-log||6 8ii || >0 (129) 
Let a : F H C be a complex embedding. Let X a — X ® a C. We have 

R%*{X a ,uf IY \E P )y = R^X^ufj^-Ep)) (130) 
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Let t£ )0o be the element in #°tt*(X, oj® k /Y 1 (E P )Y denned by 

vUofa) = b f (131) 

r&,*(Vj) = (132) 
Let Coy be a smooth (0, 1) form of u>®J Y (—Ep) on X a whose natural image 
in R°it*(X a ,u'*jqy 1 (Ep)y is r}*^. Let 77*^ be the unique choice of smooth 
section of uf /Y l on X a defined in (88) - (91). Let 

i 

be the canonical choice of quasi arithmetic differentials constructed from u v * . 
Over X CT , let 

C(^^°fe)) = < ?3 (134) 
Now we prove the main Theorem of this paper. 

Theorem 3.4 Let E P C X be a curve that is rational over Y . Then for all 
e > 0, there exists constant 0(1) determined by e and X<c, such that 

- i -w x/y • E P < (4o - A)d Y + 7 -J: -ul /Y + 0(1) (135) 

(l + e)[F:Q] 1 ^-vy )y . Q]( 2g - 2) X/Y KJy ' 

Proof. Let Ax C X x Y X be the image of the diagonal map. Let 7Ti : 
X Xy X — > X be the natural projection that maps (zi,z 2 ) to Z\. Let 
7r 2 : X Xy X — t- X be the natural projection that maps (-21,-22) to z 2 . Let 
7r 3 : X x Y X — t> F be the natural morphism. 

Let £ 4 be a nonzero element in i?°7r 3 ^(X x Y X, n&fft n*ujf /Y ) that 
vanishes along Ax with order 1. Let 

& = & • vr*6 (136) 

Then £5 is an element in i? ^* (X x Y X, 7r^f/ Y +1 ®-k* 2 u^ /y ). Let L>£ 5 be the 

divisor determined by £ 5 = as a section of 7r^a/|y y +1 ® tt^x/y on X x Y X. 
Then 

^ 5 =^ 5 +Ax (137) 
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where Ax is not a component of D^ 5 . 
Let r* be the section of 

i?°7T 2 *(X Xyl, 7T*w| / fc + 1 ) V <g> W®^ 1 ® O Y (C ) (138) 

over X, defined by 

Y^vt-Vi (139) 

Let z E X a be a close point. Let be a generator of w®/ y <g> Xa , z over 

Cx CT ,z- Let r*(£ 5 ) be the smooth section of n^u^y 1 ® k^x'/y* wn i cn is equal 
to 

£ c (" ; ' i °(J^)H" >i '' (140) 



on X CT x X a . 

For any nonzero element t'" in i? 7r 2 *(X x y X, 7r*o;®*y 1 (— A^)), we have 



By the same argument as in the second part of the proof of Lemma 2.1, we 
see that there exists a unique smooth section u of 

R\ 2 *{X a x X a , Tilujf^ 1 ) <g> wf^ 4 (142) 

over X CT , such that 

t*(&-u = (143) 
along L> 6 on X a x X CT . Let r *(£ 5 ) = r*(£ 5 ) - u. 

Lemma 3.5 The restriction o/tq(^ 5 ) to n^Ep is a nonzero element in 

R^in^Ep, n* 2 uf+\-D^) ® uf^ 1 ^ ® (C ) (144) 
Proof. Note we have 



(145) 
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in R°7T 2 *(X a x X a , nlojf^/irluf^i-D^)) <g> uf+ A around point z. And 

Res^ = Res^ (146) 

So there exists a unique smooth section U of /^^(X^ xX a , TrJ'co'^y 1 )®^^ 
over X CT , such that 

^.-^(J-))-^^ (147) 
along D'^. Since the restriction of ^ 77*(L°(^-)) - nlv z rji to is a section 



in (142), so the restriction of X]j^4 s < ' ^2^ to ^ft ls an element t' in 

R°7T 3 * {XX Y X, Tcluf^ 1 <g) TT^f^ 4 ) <g) (Co) (148) 

and 

M + ^ti-TT^^t' (149) 

i 

Therefore along D'^ , we have the following: 

7-0(6) = • - u 

i i 

= Ys^H-^m-t' (150) 



Note 



.[Res 1 ^)+ti)-^ 



= 5>(& 8)i )7* (151) 
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So 



/. x (t> ' K 2Vi ■ ^1*00 

= 2_^ a ( b ^)Vi- z^ a [ Res % 7 

i i ^ 

= ^aib^-bj^ (152) 

i 

Since 6 8; j — b 7)i is an element in Oy(C^ 2 — C^), and the restriction of ^||^ to 
ir^Ep is an element in 

R\ Z ^E P , TT^f/V Tr^f/Vl-^p)) ® CV(-Q 2 + C 0O ) (153) 

so the restriction of Tq (£ 5 ) + t' to vrf 1 ^ is an element in 

EPn^n^Ep, ® 7r 2 *u;f*+ 4 ) (154) 

Moreover t' is an element in (148) and Tq(^ 5 ) vanishes along _D ?5 , so r *(£ 5 ) is 
an element in (144). 

Let t" be an element in i?°7r*(X, u;®^ 1 ). Note the restriction of to 
Ax is a rational section of 



_*, ^ _*. ,&>fc+4 ^. * ,®— 2fc-l ^ * ,0-3/ A N /-i r r\ 

^l^X/y ® ^^X/y ® ^1 U X/Y ® n 2 u X/Y K^ x ) J-00 J 

on Ax, which is isomorphic to Oa x . Assume this section is A G F. Then we 
have 



6 i5 & 



Res* IaM^! = £ = 2t" (156) 
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So A = 2. Hence by (140), the restriction of Tq (£ 5 ) to n 1 1 Ep is a nonzero 
element in (144). □ 

By Lemma 3.5, we see that the restriction of to ir^Ep is a nonzero 
element in 

R°tt*(X, uf /Y \E P )) <g> u%]*\ Ep ® 0y(C o ) (157) 
Therefore by Lemma 3.1, we have 



[F : Q] log 
1 



> kux/Y ■ Ep - deg(Co) 



By (129) and the construction of Tq(£ 5 ), we have 



;i58) 



[F : Q] log 



<0(1) 



(159) 



Let k — > +oo, by (116) (158) (159), we see our Theorem is true. □ 
Note Theorem 1.1 is implied by Theorem 3.4 by base change. 



4 Height Inequality for Function Field Case 

Assume Y is a smooth curve of genus q > 2 over C, and morphism it : X — > 
Y is smooth. Let Ep cXbea curve that is rational over Y. For any cycle 
C on Ep, we still use C to denote the push-forward cycle of C on Y. 

Lemma 4.1 Let C be a divisor on Y . Let k\ > be an integer. Let 

M kl = R°tt*(X, uf+^hEp)) ® 0y O y (-C) (160) 

Assume 



2g-2 



Ep — 



1 Ux/y + de gC > 



Then we have 



2g-2 
H°(Y,M kl ) = 



(161) 
(162) 
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Proof. Exercise. For detail see Lemma 3.1. □ 
Lemma 4.2 There exists a set of Oy modules 

= H C H ± C • • • C H {2k+1){g _ 1} = R tt*(X, uf* 1 ) (163) 

such that 

(i) Hi/Hi_i are locally free of rank 1 over Oy for all 1 <i< (2k+l)(g— 1). 

(ii) For all2<i< (2k + l)(g - 1), we have 

diHi/Hi-i) < aiH^/Hi-i) +2q-l (164) 

Proof. Exercise. For detail, see Lemma 3.2. □ 

Lemma 4.3 There exists divisors C[ on Y and a set of elements in 
H°(X,ujf /Y l <g> O y (CD), where 1 < % < (2k + l)(g - 1), such that 

(i) r/i is an element in H°(X, ifj®Oy(C-)) 7 and the image ofrji in Hi/H^x® 
Oy(Cl) is nonzero. 

(ii) Let {rj*} be the set of dual basis of {r/i} in R°ir*(X, w®/Y' 1 ) V ® ^ over 
F. Then there exists a cycle C onY , such that 

deg(C ) < (2k + l)(g- l)(4g - 2) (165) 

and for all 1 < i < (2k + l)(g — 1) , rj* is an element in 

H°(Y, R\*(X, uf /Y l f ® O Y (C - C[)) (166) 

Proof. Assume the notations of the previous Lemma. Let C' ' be a divisor on 
Y with sufficiently large degree. Let 

S i = (H i /H i - 1 )®0 Y (CZ) (167) 

Let V(2k+i)(g-i) be a nonzero element in H°(Y, S^k+i)( 9 -i))- Let C ( " 2fe+1)(g _ 1) 
be the divisor determined by V(2k+i)(g-i) = as a section of S^k+i)(g-i) on 
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Y . For i < (2k + l)(g — 1), by induction, let Ci_i,i be an effective divisor on 
Y such that 

deg(C i _ lil ) = Aq - 2 (168) 

By (164), we have 

deg(^_ 1 (-C;' + CUi)) > 2g - 1 (169) 

So there exists a nonzero element r]' i _ 1 in H°(Y, S , i _i(— + C i _i ) i)). Let C-'_ 1 
be the divisor determined by = as a section of Si_i on Y. 
By (169), we have 

i-l 

deg(5,_i ® Oy(C£ -C? + £ Cj,i)) > (2g - l)(i - Z + 1) (170) 

i=i-i 

Then we have 

i-l 

H\Y, ® 0y(C£ - Cf + £ Cj-i)) = (171) 

3=1-1 

for 1 < I < i. Hence there exists rjij in 

i-i 

H°(Y, (Hi/Ht-t) ® 0y(C£ -Cf+ C ^)) ( 172 ) 

j=i-i 

such that rjij — rjl — in Si and rjij-i — rjij = in Hi/Hi- 2 for all 2 < Z < i — 1. 
Let 77^ = 77 ij2 . Let 

i-l 

c; = Co-cr+E^ ( 173 ) 

Then we see (i) is true. 

For 1 < % < (2k + 1)(<7 — 1), let Cj ;3 be the divisor determined by 77- = 
as a section of Si <g> Oy(— + C^i) on F. Then Cj j3 is an effective divisor 
of degree > 2g — I. Let 

(2fc+l)(s-l)-l 

i=i 
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Let y G Y be a closed point. Let rj y be an element in 

R°ir*(X, uf^ 1 ) <g> Oy iy (Ci - C ) (175) 

For j > i, we have 



3-1 

1= 

3-1 

= C'j-Co-^ °i,3 
l=i 

(2fc+l)(g-l)-l j-1 



Then by (172), there exists bj j2 G Oyy such that 

(2fe+l)( ff -l) 

is an element in Hi_i ® F. So f]*{f] y ) is an element in 0y r So (ii) is true. 
□ 

Assume the notations in Section 2. We have 

R°ir*(X, uf^Y <g> O y (C - CJ) = R^X, ® O y (C - C$) (178) 

Let {77^} be the set of elements in Lemma 4.3. Let {C/j}, where 1 < i < n, 
be a set of small open sets on Y, such that 



\JUi = Y (179) 



i=l 



and there exists a smooth (0, 1) form u> v * ti of wfyy ® Oy(C — Cj) on 7r 1 (f/j) 
whose natural image in 

i?°7T,(7r- 1 ^,a;f / fc + 1 ) v ® Oy(C - C$) (180) 
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is 7]*, and u)„* j = on a small open set of 7r 1 L r j containing i?p fl 7r Let 
Pi be a smooth function with compact support on Ui, and 

n 

i=i 

on Y . Let 

n 

^;=5^P*w^,i (182) 

Then u v * is a smooth (0, 1) form of u®J* <8> O Y (C - C' 3 ) on X, and the 
natural image of u v * in (180) is rj* for all 1 < % < n. 

For any nonzero element f in BPn^n^Ui, u® 2 /Y +1 ). Let ^ be the unique 
smooth section of wf/y 1 ® CV(C — Cj) constructed from w^* by the method 
in (88) - (91). Let 

C(v*,L°(0)=vh ( 184 ) 

Now we prove the main Theorem in function field case. 

Theorem 4.4 Let Y be a smooth curve of genus q > 2 over C. Let X be a 
smooth complex surface with a smooth morphism n : X — > Y . Assume the 
generic fiber of n has genus g > 2. Let Ep C X be a curve that is rational 
over Y . Then we have 

cox/y ■ E P < (2g - 2)(4g - 2) + — (185) 

Proof. Let A x C X x Y X be the image of the diagonal map. Let n 1 : 
X Xy X — > X be the natural projection that maps (-21,-22) to z\. Let 
7r 2 : X Xy X — )• X be the natural projection that maps (z±, z 2 ) to z 2 . Let 
7r 3 : X x Y X — > Y be the natural morphism. 

Let Cg" be a divisor on Y with large degree. Let £5 be an element in 
H°(X x y X,7r*w|^ +1 (g) n&f/Y ® CV(Cf)) that vanishes along A x with 
order 1 as a section of vr*wf^ Y +1 <g> ■K* 2 uf /Y {C'J ) ') on X x Y X. Let D£ 5 be 
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the divisor determined by £ 5 = as a section of nluf 2 ^ 1 <g> ^^f/y^s') on 
X x Y X. Then 

D's 5 =Ds 5 + A x (186) 

where A x is not a component of D^. 
Let r* be the section of 

R°ir 2 *(X x Y X, vr*wf / fc + 1 ) v <g> uf /Y l ® O Y (C ) (187) 

over X, defined by 

Y^TjT.TH (188) 

Let x E X be a close point. Let z/ x be a generator of w^y^Cg") ® Ox, x over 

Ox,,. Let r*(£ 5 ) be the smooth section of Trjwf jfj 1 <g> vr 2 *wf^ 4 (Cf ) which is 
equal to 

^(^"(J^H^ (189) 



on X Xy X. 

For any nonzero element t'" in i?°7r 2 *(X x y X, tt^^+^-Ax)) (g) £> XjX , 



we have 
Res 



n (5 '—^M = ReSD , 5 = £ 2vKn . Vi = t"'\ Ax = (190) 



By the same argument as in the second part of the proof of Lemma 2.1, we 
see that there exists a unique smooth section u of 

R°ir 2 *(X x Y X, irluf/y 1 ) ® ujf^ <g> y (C o + C 5 ") (191) 

over X, such that 

r*fe)-« = (192) 
along D^. Let r *(f 5 ) = r*(£ 5 ) - u. 

Lemma 4.5 The restriction o/tq(£ 5 ) to tx^ x E p is a nonzero element of 

H°fc x E P , nluf /Y A ® TT^f ^(-Dfc) ® (C + Cf )) (193) 
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Proof. Note we have 

d(a V *,L°(^)).v x ^ =& Wf (194) 

which is equal to zero on D'^ and ix^ l Ep. So C{i]*, L°(^-))-u x is a holomorphic 
section on n^Ep and D^.. Moreover 

= J>* (l° (^)) ' (195) 

in R tt 2 *(X x Y X^luf^/nluf^i-D'^)) <g> wf*+ 4 (C£') around point x. 
So it is a holomorphic section of (191). Therefore the restriction of Tq(£ 5 ) to 
Trf^p is a holomorphic section of 7i>f ^+ 4 <g> ttJo;®^* 1 (-£>&) <g> Cy (C + ) 
on ix^Ep. 

Let t" be an element of H°(X, wf/y 1 ). Note the restriction of to 
Ax is a rational section of 

nluf^ 1 <g> 7r 2 *o;f 7 fc + 4 ® nfrVj™- 1 ® TT^f^ ( A x ) (196) 

on Ax, which is isomorphic to 0a x . Assume this section is A G C. Then we 
have 

= Res D ,^^ = J22vUt''H = 2t" (197) 

So A = 2. Hence by (189), the restriction of Tq(£ 5 ) to ix^ l Ep is a nonzero 
element in (193). □ 

By Lemma 4.5, we see that the restriction of to n^Ep is a nonzero 
element in 

/^(y^V^u^+^p)) ®w%]*\ Ep ® CV(Co)) (198) 
Therefore by Lemma 4.1, we have 

1 fc + 1 

/cwx/y • £p - deg(Co) - , 2 2 ) Wx/Y ' Ep ~ 2g^2 " ° (199) 

Let k — > +oo, by (165) (199), we see our Theorem is true. □ 
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